1. The Membrane Theory.-The partial differential equations satisfied by the stresses in a problem concerning the equilibrium of a loaded thin shell or dome of the form of a surface of revolution are very much simplified if it is assumed that the state of stress is independent of any displacements that may occur. The resulting treatment is called "The Membrane Theory." The equations have long been known but seldom solved except in simple cases. The special case when the loads and supports on every meridian of a tank or a dome are the same is solved in the standard engineering texts; the case of a dome loaded or supported non-uniformly has hitherto been solved exactly only for a few surfaces generated by conics, although some approximate methods have been suggested for other cases. If problems of non-uniform support or non-symmetric load are to be treated, it must be within the membrane theory, for the partial differential equations of the ordinary infinitesimal or "bending" theory are so complicated as to render their solution in most cases impracticable.
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In this note we produce a simple method of exact solution of the membrane equations for any surface of revolution and for any load representable by a Fourier polynomial; for several families of surfaces of particular interest, we list the solutions explicitly.
2. The Stress Function.-If 4 is the angle between the normal to the surface and the axis of revolution, 0 the angle of rotation measured from some given plane through the axis, R, and R2 the radii of normal curvature, N,0 and No the tangential and meridial stresses, Ne,0 the shear, X, Y, Z, respectively, the parallel, meridial and normal components of the load, then the membrane equations for a shell having the form of a surface of revolution are'
,(NO4R2 sin -NOR, cos q + R, + YR,R2 sin = (1) R1 aN9 + NoR, cos0+ + (NO,6R2 sin + XR,R2 sin q5 = 0.
We shall suppose the stresses and loads represented as Fourier polynomials: p p X = ZXn(4)) sin nO, Y = Y,Yn (4) (3) If we substitute (2) and (3) in (1), taking advantage of the geometry of the surface, and eliminate Non and N0,,,, we are led to the differential equation of the stress function U.:
When there is no load, the right side vanishes; the equation (4) for this case has been derived previously by Nemenyi from graphostatic considerations.2 Once the solution of (4) has been obtained for a given surface f, the coefficients of (2) may be found from the formulas N., = / 7 Un,
Since the method of solution of (4) is well known, we may now consider (1) as solved for all cases when expansions of type (2) are justified. Since, however, to our knowledge there are very few known solutions of (1),3 it is interesting to write down the explicit solution of (4) for a few surfaces. We shall refer to solutions of (4) with right side zero as "homogeneous solutions"; from them the general solutions of (4) can easily be found. for some function p(z), then the homogeneous solutions for f can be obtained by putting -A2(n2 -1) for A2 in the integral of (6), due care being taken to adjust the solutions when this change of constant produces or destroys an integer exponent difference. The indirect method of solving (4) by choosing a function p(z) such that (6) is easily integrable has enabled us to find numerous infinite families of surfaces for which (1) can be solved exactly and in finite form. We list a few of those of possible impor tance for the engineering applications. The case S = 0, b = -a in (7) gives us, by choice of R, a sphere, a spheroid or a hyperboloid of two sheets; in the first case, the homogeneous solutions reduce to the known solution for the sphere.4 If we put ia for a, we have a hyperboloid of one sheet. The case p = 1/2 of (8) is a paraboloid. The case m = '/2 of (9) gives us a surface generated by the ordinary circular or hyperbolic functions. It is interesting to notice that the solutions for a logarithmic surface are not essentially different from those for an algebraic one; e.g., U2 for f = x/zaiVa log (z + a) is the same as U3 for f = (z + a)1/2(1 + We have found the solutions for many more surfaces, including those for any surface generated by any solution of the second order equation with two regular singularities, or by any confluent hypergeometric function. There are now enough harmonics found explieitly that it is reasonably easy to obtain a good approximation to the solution of any soluble statically determinate membrane problem.
A Few
4. Subsequent Results.-A subsequent investigation by Truesdell alone has produced the following results:
(a) A rigorous deduction of an equation similar to (4) whenever the loads can be represented by Fourier series.
(b) A complete direct solution of (1) for the case n 1, which is of considerable interest in problems of wind-pressure.
(c) The solution of several specimen boundary problems of spheroids, paraboloids and hyperboloids, and a simple method of solution of a dome of any cross-section supported in any manner, and having a lantern bearing a specified load in any manner.
(d) A general theorem on the character of the zeros of Un as related to the zeros of f; a corollary showing that the problem of a closed dome with-a zero of order ,u at the apex and supported in any non-uniform manner is not soluble within the membrane theory if/i ,u 1, is soluble if '/2 < ,u < 1 if, and only if, the supports are symmetrically placed and are large enough in number, and is always soluble for two or more symmetrical supports if 0 < / < 1/2. * The work outlined in sections 1 to 3 of this note was done while the authors were fellows at the School of Mathematical Mechanics, Brown University.
1 See Reissner, H., Spannungen in Kugelschalen (Kuppeln), Festschrift Heinrich Milller Breslau gewidmet, Leipzig, 1912, pp. 181-193, and Fliigge, W., Statik und Dynamik der Schalen, Berlin 1934, pp. 23-24. 2 P. Nemenyi, Beitrdge zur Berechnung der Schalen unter unsymmetrischer und unstetiger Belastung, Bygningsstatiske Meddelelser, 1936. 8Fliigge, op. cit., Chap. II. 4 Ibid., p. 39.
